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Implicit, partially linearized, electromagnetic particle simulation of plasma drift-wave turbulence
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Implicit, perturbative algorithms@B. I. Cohen, A. M. Dimits, J. J. Stimson, and D. C. Barnes, Phys. Rev. E
53, 2708 ~1996!# are extended to address electromagnetic particle simulation of drift-wave instabilities in
electron and ion plasmas with a strong applied magnetic field. The algorithms use gyrokinetic ions and
drift-kinetic electrons with a realistic mass ratio. Implicit moment and direct implicit solutions of the coupled
Maxwell and plasma dynamical equations are demonstrated. Aspects of the numerical dispersion properties are
confirmed in test simulations. Applications to ion-temperature-gradient and collisionless drift instabilities in a
two-dimensional slab with magnetic shear are presented that illustrate the efficacy of the algorithms and the
electromagnetic effects.@S1063-651X~97!14208-8#

PACS number~s!: 52.65.2y, 52.35.Qz, 02.70.2c
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I. INTRODUCTION

This work extends previous research by combining a
applying gyrokinetic@1#, partially linearized@2,3# ~i.e., per-
turbative!, and implicit methods@4,5# to the study of drift-
wave instabilities in magnetically confined plasmas w
electromagnetic effects included. Drift-wave instabilities@6#
produce anomalous losses of heat and particles in mag
fusion experiments. The importance of drift-wave turbulen
to tokamak performance is the motivation for the Numeri
Tokamak Turbulence Project@7#, a Grand Challenge Appli-
cation in the High Performance Computing and Commu
cations Program. The algorithm development and phy
applications presented here contribute to this project.

The primary goal of this work is to construct an efficie
algorithm to support the inclusion of electromagnetic co
pling and kinetic electron physics into the particle simu
tions being used to study tokamak core turbulence@7#. We
view this work as a stepping stone toward a more reali
simulation of fusion-relevant experiments. Turbulent tra
port in the core of tokamaks is dominated by drift-type
stabilities that are predominantly electrostatic in charac
and in which toroidal geometry is important@6#. Of lesser
importance in drift modes in current magnetic fusion expe
ments of interest are collisions and coupling of the elec
static drift waves to shear-Alfve´n waves~whose importance
increases as the ratio of the plasma thermal pressure to
magnetic energy density increases!, which have weak effects
on the unstable drift modes. However, collisions and elec
magnetic coupling are finite, and help to determine the m
ginal stability plasma conditions. Therefore, to make o
simulation codes more realistic and relevant to current
future experiments, we have previously developed an e
cient ion-ion collision algorithm@8# and implicit algorithms
for kinetic electron effects@4,5#, and introduce electromag
netic coupling here. In each case, we evaluate the prope
of the algorithm and demonstrate its use in a simplified tw
dimensional example with physics content that is both
evant to drift-type instabilities and is easy to understand. T
primary thrust of these papers is algorithm developme
Elsewhere we reported three-dimensional toroidal elec
static simulation applications that are relevant to understa
561063-651X/97/56~2!/2151~10!/$10.00
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ing core transport in current magnetic fusion experime
@9,10#.

In this work we demonstrate the efficient simulation
drift-wave turbulence in a strongly magnetized plasma
cluding electromagnetic effects. The turbulence is produ
by instabilities in which both electron and ion kinetic effec
can be important@6#. The appropriate orderings for drift
wave phenomena relevant to core confinement in tokam
are that the mode frequencyv is much less than the ion
cyclotron frequencyV i , v!V i , the wave number paralle
to the unperturbed magnetic fieldB is much smaller than tha
perpendicular toB, the product of the ion Larmor radiusr i
and the perpendicular wave numberk' satisfies k'r i
<O(1), theelectron Larmor radius is much smaller than a
of the lengths of interest, and theE3B drift velocity is much
smaller than the thermal velocities. Our computational mo
is fitted to these orderings. As in previous work@5#, we use
gyrokinetic ion and drift-kinetic electrons in a partially lin
earized~d f ! model. The quasineutral limit of Poisson’s equ
tion for the self-consistent electric potential and Amper
law for the electromagnetic coupling of the drift waves
shear-Alfvén waves are solved for the self-consistent elect
magnetic fields@11#. It is the inclusion of the coupling to
shear-Alfvén waves, the introduction of the direct implic
method as an alternative to the implicit moment algorith
and the examples including magnetic shear that distinguis
this work from that presented in Ref.@5#. Our use of implicit
methods to reduce thermal noise carried by the shear-Alf´n
waves and to ensure numerical stability, and our improv
results with better spatial resolution in magnetically shea
simulations, differentiate this work from the thesis resea
of Cummings@12#. Our analysis and simulation experienc
with these implicit algorithms indicate that their stability
relatively robust, and they are both accurate and efficien

The paper is organized as follows. In Sec. II we pres
outlines of both implicit moment and direct implicit electro
magnetic algorithms. Test cases that illustrate some of t
dispersion properties and applications to the io
temperature-gradient~ITG! and collisionless drift instabili-
ties including electromagnetic effects are reported in Sec.
Conclusions are presented in Sec. IV. We find in the
amples presented here and in Ref.@5# that d f and implicit-
2151 © 1997 The American Physical Society
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2152 56BRUCE I. COHEN AND ANDRIS M. DIMITS
ness are efficacious in reducing thermal noise. The imp
time-integration schemes ensure stability and relax cer
constraints on the times step, but important accuracy c
straints remain. The simulations succeed in resolving elec
magnetic drift-wave phenomena with kinetic ions and el
trons using a realistic mass ratio with relatively go
efficiency.

II. IMPLICIT ELECTROMAGNETIC df ALGORITHM

A. Model equations

The electromagnetic implicitd f algorithm in a magneti-
cally sheared slab is characterized by the following inequ
ties and equations. The ions satisfy the reduced Vlas
Maxwell equations@11,12# based on the following standar
gyrokinetic orderings:

d f

FM
;

qif

Ti
;

dB

B
;

v

V i
;

r i

L
;e!1, L;L i ,

wherer i[n i /V i ; V i[eB/mic; n i[ATi /mi ; qi , mi , and
Ti , respectively, are the ion charge, mass, and tempera
c is the speed of light;B is the equilibrium magnetic-field
strength;f is the electrostatic potential;v is the frequency of
the perturbation;L is a characteristic perpendicular equili
rium scale length of the system; andL i is the characteristic
parallel wavelength of the perturbation.

In this ordering, the electric field is given by

E52“f2
1

c

]Az

]t
ẑ. ~1!

The partially linearized gyrokinetic Vlasov equation for
plasma with weak magnetic shear in slab geometry is@13,14#

]d f

]t
1v ib̂•

]d f

]R
2

c

B

]

]R
•F S ]f̄

]R
3b̂D d f G

5
qv i

T
Ē•b̂FM2k

c

B

]f̄

]y
FM , ~2a!

wherek[2“ ln FM , FM is an equilibrium Maxwellian dis-
tribution function,

f̄[
1

2p E dr̂ f~R1r!, ~2b!

and analogously forĒ, R[x2r, r[v'3b̂/V i , r̂ is a unit
vector in the direction ofr, x is the particle position,v' is
the perpendicular velocity,d f (R,m,v i ,t) is the gyroaver-
aged perturbed distribution function, andm[v'

2 /2. The elec-
trostatic potentialf is given by the gyrokinetic Poisso
equation which, for a single-ion speciesi , is

“

2f2
t~f2f̃ !

lD
2 524pe~ n̄i2ne!, ~2c!

where

f̃~x![
1

2p E dm dr̂ f̄~x2r!, ~2d!
it
in
n-
o-
-

i-
v-

re;

n̄~x![E dm dv i dr̂ d f ~x2r,m,v i ,t !, ~2e!

and wheret[Te /Ti , rs[cs /V i , cs[ATe /mi , k' is the
perpendicular wave number,lD[ATe/4pn0e2 is the elec-
tron Debye length, andn0 is the background ion numbe
density. The angle integrations in Eqs.~2b! and ~2e! are re-
placed by averages over four points on the Larmor or
combined with charge-deposition and field-interpolation c
culations involving spatial weighting functions@1#.

Ampere’s law determines the parallel vector potential

2“'
2 Az5

4p

c
~ j ei1 j i i!'

4p

c
j ei ~3!

in this ordering. The parallel ion current is smaller than t
electron current byO(me /mi) and is neglected. The paralle
electron current is computed from the electron distribut
function expressed in terms of the parallel canonical mom
tum per unit masspei5vei2eAz /mec,

j ei5E dm dpei~pei1eAz /mec!d f e~x,m,pz ,t !. ~4!

The term on the right side of Eq.~2a! containingk repre-
sents the radialE3B advection from an equilibrium with
gradients in the radial direction. In the presence of den
and temperature gradients, for example,k5kn$1
1h(v2/2v i

223/2)%, whereh[(d lnT0 /d lnn0), andkn rep-
resents the density gradient. Here]/]x represents a deriva
tive in the direction of the equilibrium gradients, and]/]y
represents a derivative in the direction perpendicular to
unperturbed magnetic field and the equilibrium gradients
slab geometry, the unperturbed magnetic field has its pri
pal component in thez direction with amplitudeB0 , and has
a small component in they direction. With no shearBy
5const, and with shearBy5B0(x2x0)/Ls , whereLs is the
magnetic shear length.

The partial linearization ord f approximation denotes th
fact that there is no parallel acceleration nonlinearity in E
~2a!. This fact is used in the partially linearized partic
simulation method by recognizing that the characteristics
Eq. ~2a! preserve any spatially uniform particle distributio
In addition, we employ a linearized multiscale method
that the effects of density and temperature nonuniform
appear only throughk on the right side of Eq.~2a!, and
similarly for the electrons. Thekx50 components off are
suppressed. A particle method is then introduced to solve
~2a!:

d f 5(
j

wj~ t !d~R2Rj !d~v i2v i j !d~m2m j !, ~5!

whereRj andv i j evolve according to the characteristic equ
tions of Eq.~2a!. In the absence of collisions, if the simula
tion particlesj are loaded as a uniform Maxwellian then th
source terms on the right side of Eq.~2a! are correctly taken
into account ifwj evolves according to

ẇj5
qv i

T
Ē•b̂2k i

c

B

]f̄

]y
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along the characteristics for the ions, and

ẇj5
ṗiev i

ve
2 2ke

c

B

]f̄

]y

for the electrons, where ṗie5(e/me)“ i
(0)f2(e/

me)v i“ i
(0)Az /c. In our implementation, a second-orde

accurate predictor-corrector time integration of the ion eq
tions of motion is used with a time stepDt i . A four-point
gyroaveraged ion charge deposition is computed on both
dictor and corrector steps.

The electrons satisfy a drift-kinetic Vlasov equation th
can be obtained from Eqs.~2a! and ~5! by replacing ion
quantities with electron quantities and taking the limit of t
zero electron Larmor radius. No gyroaveraging is required
computing forces on the electrons~computed at the electro
gyrocenter! nor in depositing their charge density or an
other moment on the spatial grid.

The electron particle motion is calculated basically us
the same predictor-corrector algorithm as the ions, but wi
time stepDte that is a submultiple of the ion time step@15#.
This is motivated by the fact that with a realistic ion-t
electron mass ratio, the parallel electron transit motion
typically much faster than that of the ions~ve@n i , where
ve[ATe /me and n i[ATi /mi!. A sequence of electron ad
vances is calculated over a number of electron time s
adding up to the ion time step. The self-consistent elec
field is updated on the ion time step.

B. Implicit moment equations

The solution of the Poisson equation, Eq.~2c!, is rendered
implicit, as described in Ref.@5# with the use of implicit
moment equations for the electrons@16–18#. Use of implicit
andd f methods removes undesirable high-frequency mod
reduces the thermal noise associated with these h
frequency modes, and ensures numerical stability@5#. The
implicit moment equations are computed from the partia
linearized drift-kinetic Vlasov equation:

]d f e

]t
1v ib̂•“d f e1vE3B•“d f e1

ev i

meve
2 FMeb̂•E

1
c

B

]f

]y

FMe

LTe
S LTe

Lne
1

v i
2

2ve
22

1

2D 50. ~6!

Note that Eq.~6! can just as easily be written in terms ofpi

instead ofv i , and the unperturbed electron distribution fun
tion is also a Maxwellian in terms of the parallel canonic
momentum. In finite-difference form for the time derivative
the moment equations for theperturbedelectron moments
derived from Eq.~6! are

ne
n112ne

n

Dt i
1“ i@e1 j ei

n111~12e1! j ei
n #

52
n0ev* e

Te

]

]y
@e1f** 1~12e1!fn#

2~vE3B•“'ne!** , ~7!
-

e-

t

n

g
a

is

ps
ic

s,
h-

-
l
,

j ei
n112 j ei

n

Dt i
1ve

2
“ i@e2ne

n111~12e2!ne
n#

1nei@e2 j ei
n111~12e2! j ei

n #

2
en0

me
“ i@e2fn111~12e2!fn#2

en0

mec

Az
n112Az

n

Dt i

5@2vE3B•“' j ei1neij̄ i i2“ i~Pei
n11/22neve

2!#** , ~8!

wherene is the electron number density;j ei is the electron
parallel current density per unit charge, i.e., the parallel fl
density;vE3B is theE3B velocity at the electron gyrocente
v* e[(re /Lne)ve ; nei is the electron-ion collision rate;Pei

[^vei
2 & is the parallel pressure moment computed on

electron velocity distribution function;j ei is the electron par-
allel flux density; j̄ i i is the corresponding gyroaveraged io
parallel flux density that must be computed ifneiÞ0; and
e1 , e2 , and e3 are centering parameters (0<e i<1). The
superscripts indicate electron time levels with the** denot-
ing time leveln on the predictor pass and the predicted va
at time leveln11 on the corrector pass in advancing qua
tities from timenDt i to time (n11)Dt i . It is sufficient for
controlling the linear dispersion to use“ i5b̂(0)

•“ in the
implicit moment equations.

Ampere’s law is used to obtainAz
n11 before solving Eqs.

~7! and~8! for fn11. A semi-implicit modification of Eq.~3!
provides additional numerical dissipation,

F2“'
2 1~11e22 1

2 !
vpe

2

c2 G Az
n11

c

52
vpe

2

c2 K pei
n11

me
L 1~e22 1

2 !
vpe

2

c2

Az
n

c
, ~9!

where^ & denotes the average over the electron velocity d
tribution function.

The moment equations are bound to the particle electr
by setting the number and flux densities,ne

n and j ei
n

5ne^pei
n 1eAz

n/mec& in Eqs. ~7! and ~8! equal to the corre-
sponding particle moments accumulated on the spatial m
The electron parallel pressure moment is an orbit-avera
moment @19# computed from the simple average over t
time intervalnDt i to (n11)Dt i of the parallel electron pres
sure moment per unit mass accumulated at eachDte . The
electron particle equations of motion are advanced in a p
dictor step fromnDt i to (n11)Dt i using the electric and
magnetic fields atnDt i interpolated to the electron trajecto
ries computed withDte . The ions are advanced in one b
predictor step fromnDt i to (n11)Dt i , and the gyroaver-
aged ion moments are computed before solving for the p
dicted fields at (n11)Dt i . On the corrector pass, the ele
trons are again advanced fromnDt i to (n11)Dt i , but f*
5e3fn111(12e3)fn is used to calculate forces and drift
To have the electron fluid and particle motion synchroniz
as much as possible, we usually sete35e2 . The entire
scheme is accurate toO(Dt i

2) if e15e25e35 1
2 .

Equations~7! and~8! are a linear system of equations fo
ne

n11 and j ei
n11 that is solved algebraically forne

n11, which is
then substituted into Eq.~2c! to determinefn11. This ren-
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ders the Poisson equation implicit becausene
n11 depends lin-

early onfn11. It is important to note that, in an electroma
netic model, bothf andAz contribute toEi in the equations
of motion and on the right side of Eq.~8!. Therefore, Am-
pere’s equation, Eq.~9!, is solved first to determineAz before
solving the implicit moment and Poisson equations to obt
f.

The solution of the implicit gyrokinetic Poisson equatio
in a magnetically sheared domain was described in Ref.@5#,
but no simulation examples with magnetic shear were
ported. For applications to tokamak core turbulence wh
vpi

2 /V i
2@1, the vacuum polarization is negligible. Here,vpi

is the ion plasma frequency; andV i is the ion cyclotron
frequency. Poisson’s equation becomes a statemen
quasineutrality and takes the form

H vpi
2

V i
2

@12G0~b!#

r i
2 1Cvpe

2 Dt i
2ki

2~x!J f~ky ,x!n115S~ky ,x!,

~10!

where b5k'
2 r i

2, G0(b)5I 0(b)exp(2b), I 0 is the modified
Bessel function,C[e1e2 /(11e1e2ki

2ve
2Dt i

2), and k'
2 5ky

2

2]2/]x2. The Poisson equation Eq.~10! can be conve-
niently solved with a Pade´ approximation 12G0(b)'b/(1
1b), a Fourier transform iny, and finite differencing inx,
leading to a tridiagonal matrix inversion. Simple period
boundary conditions inx andy are used for simulations in a
unsheared magnetic field withBy5const. ForBy a function
of x, a bounded simulation model is used withf50 at the
boundaries inx; and periodic boundary conditions are us
in y.

C. Direct implicit equations

A more compact implicit formulation is obtained by usin
a direct implicit algorithm@20–22#. The direct implicit gy-
rokinetic algorithm dispenses with the implicit mome
equations altogether, and replaces the associated imp
Poisson equation with a slightly different implicit Poisso
equation

H vpi
2

V i
2

@12G0~b!#

r i
2 1c0vpe

2 Dt i
2ki

2~x!J f~ky ,x!n11

52c1vpe
2 Dt i

2ki
2~x!f~ky ,x!n14pe~ n̄i

n112ne
n11!

~11!

in the quasineutral limit, whereki is the parallel wave num
ber computed in the unperturbed magnetic field, andc0 and
c1 are constants that control stability and dissipation. As
the implicit moment algorithm, ion and electron charge de
sities are computed on the predictor step as an extrapola
of particle trajectories that do not yet depend onfn11 or
Az

n11. On the corrector step, the particles are advanced
time using fields computed fromfn11 or Az

n11 as well as
from field data from the previous time step, moments o
the particle distributions are computed, and the field eq
tions are solved again. In a traditional direct implicit alg
rithm, there would be another correction to the particle
vance from time stepn to n11 using the corrected fields a
time stepn11. This additional particle advance is omitte
n

-
re

of

cit

n
-
on

in

r
a-

-

here, which contributes an additional factor toO(Dt2) er-
rors. We note that in the direct implicit algorithm, there is
accumulation of the electron parallel stress^Pei&. The rest of
the direct implicit algorithm is the same as the implicit m
ment algorithm.

The second term on the left side of both Eqs.~10! and
~11! controls the stability of the electrostatic shear Alfve´n
wave @1# at finite Dt i and increases the dielectric shieldin
The ratio of the second term to the first scales asvh

2Dt i
2

5ki
2ve

2Dt i
2/k'

2 rs
2. However,vh

2Dt i
2 is limited somewhat by

accuracy considerations, becausekiveDt i,1 to ensure the
accuracy of the linear electron dielectric response a
ki /k'!1 and k'rs5O(1) to ensure the accuracy of th
drift-type modes of interest. We will examine the dispersi
properties of both implicit moment and direct implicit algo
rithms in the examples presented in Sec. III.

III. SIMULATION TEST CASES

In this section we present simulation examples of sh
Alfvén waves, electromagnetic collisionless-drift and io
temperature-gradient~ITG! instabilities in systems withou
magnetic shear, and electromagnetic ITG instability in s
tems with finite magnetic shear. These examples serve
tests of the algorithms, illustrate the basic dispersion a
stability properties of the implicit algorithms, and elucida
some of the physics of kinetic electrons and electromagn
effects on drift-type modes in a simple slab configuration

A. Shear Alfvén waves

The highest-frequency normal mode supported by
physics model is the shear Alfve´n wave@11,12,23#. In a cold
uniform plasma the linear dispersion relation of the sh
Alfvén wave is

v25
ki

2vA
2

11
k'

2 c2

vpe
2

, ~12!

where vA5(B0
2/4pn0mi)

1/2 is the Alfvén velocity. For
k'

2 c2!vpe
2 , v25ki

2vA
2; and v25vh

2[(ki
2/k'

2 )(mi /me)V i
2

for k'
2 c2@vpe

2 , which is the electrostatic limit. The general
zation of Eq.~12! to a warm plasma is a straightforward@12#

x i'1
ki

2

k'
2 ~xei1x i i!S 12

v2

ki
2c2 x i'D 50, ~13!

where x i'5(vpi
2 /V i

2)@12G0(b)#/b, b5k'
2 r i

2, G0(b)
5I 0(b)exp(2b), I 0 is the modified Bessel function,xsi[
2(vps

2 /2ki
2vs

2)Z8(v/&kivs), vs[(Ts /ms)
1/2, andZ8 is the

derivative of the plasma dispersion function.
In Ref. @5# we presented analyses of the numerical disp

sion relation for the electrostatic limit of the shear Alfve´n
wave, and simulation results for cold and warm plasmas
agreed with simple theory. In Fig. 1 we show implicit m
ment simulation results for small-amplitude shear Alfv´n
waves with no magnetic shear and withuvDt i u!1 in Fig.
1~a! and finite uvDt i u in Fig. 1~b!. In these simulations
the implicit moment algorithm was used with a syste
16Dx316Dy, 100 particles per cell for both electrons an
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FIG. 1. The dispersion relation for a cold
plasma shear Alfve´n wave and test simulation re
sults with Dt i /Dte55. ~a! Frequency v vs
vpeDx/c for 0.5<e15e25e3<0.55. ~b! RevDti
and the amplification factorulu[uexp(2ivDti)u
vs v theoryDt i for vpeDx/c50.75, bmi /me

50.5625, and e15e25e350.55. The dashed
curves indicate analytical theory. Note th
bmi /me5vpe

2 rs
2/c2.
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ions, Dt i /Dte55, uniform plasma, By /B050.01, and
mi /me51836. The results agree well with linear theory i
corporating finiteDt effects. AsvDt i increases, the numeri
cal damping of the shear Alfve´n wave increases@the ampli-
fication factorl[uexp(2ivDti)u decreases#. In Ref. @5# we
performed a set of four simulations examining the Land
damping of electrostatic shear Alfve´n waves. An example o
Landau damping in an electromagnetic shear Alfv´n
wave is now given. With b5(me /mi)rs

2vpe
2 /c2, rs

5(Te /mi)
1/2/V i , bmi /me50.25, rs /Dx51, Te5Ti ,

By /B050.01, vpeDx/c50.5, vpeDt i51000, kyrs50.39,
kiveDt i50.18, andvhDt i50.23, finite Dt effects and ion
Landau damping were negligible. The solution of Eq.~13!
gave RevDti50.19 and ImvDti520.023 due to electron
Landau damping, while in the simulations we observ
RevDti50.18 and ImvDti520.02. This good degree o
agreement was similar to the electrostatic results in Ref.@5#.

A mature literature exists on the dispersion properties
the direct implicit algorithm@21,22#. With e25 1

2 in Eq. ~9! to
suppress the semi-implicit modification of Ampere’s law, t
direct implicit algorithm’s dispersion relation for cold
plasma shear Alfve´n waves is modeled by

1

ki
2vA

2Dt i
2 1

1

vh
2Dt i

2 1c01
c1

l
1

l

~l21!2 50 ~14!

in the limit Dx→0, wherel[ exp(2ivDti). The last term
on the left side of Eq.~14! is derived for a leap-frog time
integration of the particle equations of motion, and is a u
ful model for the actual predictor-corrector scheme in o
algorithm. For stability @21#, c011/vh

2Dt i
211/ki

2vADt i
2

>1/4 andc1>0. There is finite dissipation forc1.0. Guided
by previous analysis and experience@21#, we setc050.3 and
0<c1<0.02. Results forb50 and 0.001 from direct im-
plicit simulations withrs /Dx50.5, Te5Ti , By /B050.01,
system size 16Dx316Dy, 100 particles per cell of each spe
cies,mi /me51836, and uniform plasma are plotted in Fig.

Both implicit moment and direct implicit algorithms re
produce the linear dispersion relation of shear Alfve´n waves
to good accuracy including electron Landau damping. Th
is significant numerical dispersion and damping foruvDt i u
>1. In the earlier work of Reynders@23#, in which the par-
allel electron current was computed directly from the para
electron velocity, it was observed that shear Alfve´n thermal
noise grew steadily in simulations with ad f algorithm and
bmi /me5O(1). As in Cummings’ electromagneticd f
simulations that used the parallel electron canonical mom
u

d

f

-
r

.

re

l

n-

tum from which to compute the parallel current@12#, we did
not see a steady growth of Alfve´n wave noise.

B. Collisionless drift instability

Inverse electron Landau damping and a density grad
lead to the collisionless drift instability in an unsheared co
figuration @6,24#. Finite-b effects can significantly reduc
linear growth rates forbmi /me5O(1). Here we report two-
dimensional unsheared simulations of the collisionless d
instability with implicit moment and direct implicit algo
rithms, which illustrate electromagnetic effects. Implicit m
ment electrostatic simulations of collisionless drift instab
ties were presented in Ref.@5#.

Figures 3, 4, and 5 show results from implicit mome
d f simulations with Te /Ti54, rs /Ln50.214, mi /me
51837, Ve /vpe510, le /Dx51, rs /Dx54, By /B050.01,
32Dx332Dy, vpeDt i5200, andDx5Dy. The reference re-
sults in Fig. 3 were obtained with the implicit moment alg
rithm andb50 @5#. The direct implicit simulation results fo
this case were essentially the same. Figures 4 and 5 s
results forbmi /me54 obtained with the implicit momen
and direct implicit algorithms, respectively, and with rad
modes included~kxÞ0 andky50!. With bmi /me54, linear
theory @12# predicts a 30–40 % reduction of the line
growth rate and a 10–20 % decrease inuRevu for the
(kx ,ky)5(1,21) mode, wherekyrs5p/4 in this unsheared
system, relative to theb50 case@1# for which v/V i5
20.061 i0.011. The simulation results in Figs. 4 and 5 are

FIG. 2. The dispersion relation for a warm-plasma shear Alfv´n
wave and direct implicit simulation results for the observ
Rev/vh vs the theoretical prediction in a homogeneous, shear-
plasma forb50 ~s! and 0.001~d!.
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fairly good agreement with one another and with theory. T
shear Alfvén waves were heavily damped by electrons he
Although the detailed nonlinear behavior differs somewh
the linear behavior and the average nonlinear behavior
the same in Figs. 4 and 5. Because the post-saturation be
ior was somewhat chaotic, differences in the algorithms
the initializations led to observable differences in the d
tailed time histories of the modes. The presence of ra
modes in the simulations whose results are shown in Fig
and 5 allowed the unstable drift waves to saturate at a
nificantly lower amplitude because of velocity shear effe
associated with the radial modes. We return to a discus
of the importance of the radial modes later in the paper.

C. Ion-temperature-gradient instability in an unsheared slab

We also extended simulations of ITG instability wi
drift-kinetic electrons reported in Ref.@5# to finite b, and
compared the results of implicit moment and direct impli
algorithms. A convenient ITG test case in an unsheared

FIG. 3. Collisionless drift instability in a 32Dx332Dy system
with b50 and no shear using the implicit moment algorithm~with
e15e250.51!. ~a! Re, Im, and absolute value ofef1,1/Te vs V i t.
~b! Power spectrum for the (1,21) mode.

FIG. 4. Collisionless drift instability in a 32Dx332Dy system
with bmi /me54, no shear, and radial modes using the impli
moment algorithm~with e15e250.51!. ~a! Re, Im, and the abso
lute value of ef1,1/Te vs V i t. ~b! Power spectrum for the (1
21) mode.
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tem was that introduced by Lee and Tang@25#. In Fig. 6 we
show results of ITG simulations in a shearless slab using
implicit moment and direct implicit algorithms forb50. The
simulation parameters wereLn /LT54 for each species,Ti
5Te , r i /Ln50.05, 16Dx316Dy, Dx5Dy5r i , By /B0
50.01, e15e25e350.65, vhDt i50.933, exp(2k4a4)
smoothing with a50.9, vpeDt i54000, mi /me51836,
Ve /vpe51, n0564/Dx2, and Dt i /Dte55. Modes withky
50 anduku.10p/16Dy were suppressed in the electric p
tential.

In the implicit moment simulatione15e250.51, andc0
50.3 andc150.02 in the direct implicit simulation. In the
linear phase, the frequency and growth rate werev/V i5
20.0061 i0.0046 in both simulations for the (kx ,ky)5(1,
21) mode, wherekyrs5p/8, in very good agreement with
theory,v/V i520.0061 i0.0046@25#. The nonlinear satura
tion is substantially the same, but the post-saturation cha
behavior in the time histories of the modes differed in sm
details.

For bmi /me52.25 and other parameters the same, th
is little stabilization expected@12#, and only a 2–3% reduc
tion in the linear growth rate was observed for the (kx ,ky)
5(1,21) mode shown in Fig. 7. There was negligib
change in the cross-field ion thermal transport from theb
50 case. The results from the implicit moment and dire
implicit simulations for the finite-b case agreed with one
another quite well. These results concur with those repo
by Cummings@12#.

The two implicit algorithms are effective in suppressin
vh noise in the electrostatic shear-free simulations of
collisionless drift instability~Fig. 3! and the ITG instability
~Fig. 6!. The implicit electromagnetic simulations of coll
sionless drift and ITG instabilities at finiteb shown here are
effective in suppressing Alfve´n wave thermal noise. In using
the implicit moment algorithm, good results were obtain
for 0.51<e1,2<0.6; and optimal results for the best signa
to-noise were obtained by adjustinge1,2 to values that de-
pended somewhat on the specific application. This is ill
trated in Fig. 8, where we show a simulation result for IT

t

FIG. 5. Collisionless drift instability in a 32Dx332Dy system
with bmi /me54, no shear, and radial modes using the direct i
plicit moment algorithm~with c050.3, c150.02!. ~a! Re, Im, and
absolute value ofef1,1/Te vs V i t. ~b! Power spectrum for the (1
21) mode.
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FIG. 6. Ion-temperature-gradient simulation results with drift-kinetic electrons using the implicit moment~with e15e250.51! and direct
implicit ~with c050.3, c150.02! d f algorithms forb50 and no shear.~a! Re, Im, and absolute value ofef1,21 /Te vs V i t and ~b!
corresponding power spectrum vs frequency.
f
in

le
se
ly

n
th
ua
G

gs’

d
th

e-

the

.
ed

-
-
re

ith
ith
instability ~with bmi /me52.25 ande15e250.6 in the im-
plicit moment algorithm! that has a much higher level o
shear Alfvén wave noise than does the simulation shown
Fig. 7 ~with e15e250.51 and other parameters the same!.

D. Ion-temperature-gradient instability
in a sheared magnetic field

In Ref. @5# we introduced an implicit moment algorithm
for use in a sheared magnetic field, but reported only e
trostatic simulations in unsheared systems. Here we pre
experience with implicit simulations in a magnetical
sheared system.

Reynders@23,26# has studied the linear structure of a
ITG instability in a sheared slab based on solutions of
linearized Vlasov-Maxwell equations using an integral eq
tion solver@27#. Substantial stabilization is predicted for IT
in a sheared slab atb51% with h i52, he50, Ls /Ln540,
and Te5Ti . However, both Reynders@23# and Cummings
@12# observed very little linear stabilization due to finiteb in
their electromagnetic gyrokineticd f simulations. In Fig. 9
c-
nt

e
-

we show results that concur with Reynders’ and Cummin
earlier simulation results when we used parameters:rs

53Dx, system size 128Dx332Dy, Dt i /Dte54, c050.3,
and c150.02 ~direct implicit algorithm!, and with either
37 000 or 66 000 ions and electrons. When we increaseb
from 0 to 0.5%, we observed a reduction in the linear grow
rate of thekyrs50.6 mode of 10% instead of the 60% r
duction predicted by linear theory@23#. Thus, with these
simulation parameters, the simulations failed to observe
correct reduction in growth rates due to finiteb.

Cummings@12# pointed out that the width of the narrow
nonadiabatic electron layerDxe can be difficult to resolve
The width of the nonadiabatic electron layer is determin
by uv/kiveu;1, whereki5kyDxe /Ls . For the example pre
sented in Fig. 9,Dxe /Dx50.2, i.e., the electron layer is one
fifth of a grid cell wide. Furthermore, the narrowest featu
in the ITG eigenfunction has widthrs , which is inad-
equately resolved by the grid whenrs53Dx.

Simulation results that were in better agreement w
theory were obtained with twice the spatial resolution. W
FIG. 7. Ion-temperature-gradient simulation results with drift-kinetic electrons using the implicit moment~with e15e250.51! and direct
implicit ~with c050.3, c150.02! d f algorithms forbmi /me52.25 and no shear.~a! Re, Im, and absolute value ofef1,21 /Te vs V i t and
~b! corresponding power spectrum vs frequency.



d
tio
t

h

th

nc
as
le

th
en
n-

l
er.

le.
as

e,
r-

ter-
ts

el
ode

mi-

of
nt
af-

ant
For

ent

m-

-

t
ode

ar

ift-

-

2158 56BRUCE I. COHEN AND ANDRIS M. DIMITS
rs56Dx, 128Dx364Dy, 74-K ions and electrons, an
other parameters as in Fig. 9, we obtained the simula
results shown in Fig. 10. The linear frequency and grow
rate for thekyrs50.6 mode agreed well with theory and wit
the simulation results in Fig. 9 forb50, where the electron
kinetics were unimportant. However, a 35% reduction in
linear growth rate for thekyrs50.6 was observed forb
;0.1% in thers56Dx simulation. A 25% reduction in the
growth rate and little change in the real part of the freque
were expected based on the linear theory. In this c
Dxe /Dx50.4; and there was adequate resolution of the e
tron distribution within Dxe . In addition, with rs56Dx
there are six grid cells to resolve the smallest feature of
eigenfunction. This resolution was a significant improvem
over rs53Dx. We attributed the better agreement with li

FIG. 8. Ion-temperature-gradient simulation results with dr
kinetic electrons using the implicit momentd f algorithm ~with e1

5e250.6! for bmi /me52.25, and no shear.~a! Re, Im, and abso-
lute value ofef1,21 /Te vs V i t and~b! corresponding power spec
trum vs frequency.
n
h

e

y
e,
c-

e
t

ear theory at finiteb in this case to the improved spatia
resolution of both the eigenfunction and the electron lay
We also performed a simulation withrs56Dx andb52%
for which the kyrs50.6 mode was expected to be stab
Over the same time interval as shown in Fig. 10, there w
very little growth of thekyrs50.6 mode out of the noise
background (Imv/Vi,0.005rs /LT), and it was very difficult
to identify an ITG mode in the power spectrum. Of cours
an initial-value code is typically very poorly suited to explo
ing stability near marginal stability.

There were some additional physics observations of in
est in these ITG simulations. In Fig. 10 in the contour plo
of ef/Te and Az as functions ofx and y at the end of the
simulation, we note thatAz and, hence, the perturbed parall
current have even symmetry with respect to the single-m
rational surface (ki50) at x564. In consequence,Bx also
has even symmetry, which is the same symmetry as a
crotearing mode@28#.

Although the relative magnetic perturbationBx /B0 was
smaller by two orders of magnitude than the magnitude
ef/Te , the effect on the linear growth rate was significa
when there was adequate spatial resolution. This in turn
fected the cross-field ion thermal transport in an import
way because of the phase sensitivity of the transport.
weak but finiteb in the ordering of this model, the ITG ion
thermal transport as described by a quasilinear developm
remains dominated by theE3B motion of the fluid elements
whose energy density perturbation at first order in wave a
plitude scales as“•(n0TivE3B)/ iv;vE3B•“(n0Ti)/ iv per
mode, because“•vE3B'0. At second order, the time
averaged quasilinear ion thermal fluxQx

i scales dominantly
as Qx

i ;2(g/v2)kn0Ti(vE3B• x̂)2 per mode, whereg
[Imv and k[“xln(n0Ti), i.e., there is a quasilinear hea
flux down the pressure gradient that depends on the m
growth rate. Thus the dominant effect of increasingb on the
ion thermal fluxQx

i expected on the basis of a quasiline
n
ct

f

FIG. 9. Ion-temperature-gradient simulatio
results with drift-kinetic electrons using the dire
implicit d f algorithm for b50 and b50.5%,
Ls /Ln540, h i52 and h i50, and with rs

53Dx. ~a! Re, Im, and absolute value o
ef1,1/Te vs V i t, ~b! ion thermal flux vs time,
and ~c! a contour plot ofef(x,y)/Te at the end
of the simulation.
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FIG. 10. Ion-temperature-
gradient simulation results with
drift-kinetic electrons using the di-
rect implicit d f algorithm for b
50 and b50.1%, Ls /Ln540,
h i52 and h i50, and with rs

56Dx. ~a! Re, Im, and absolute
value of ef1,1/Te vs V i t. ~b!
Power spectrum in frequency fo
f1,1. ~c! Contour plot of
ef(x,y)/Te and Az at the end of
the simulation.
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argument is a reduction caused by linear stabilization. T
conclusion agrees qualitatively with our simulations, all
which demonstrated a reduction inQx

i accompanying finite-b
produced decreases in the linear growth rates.

A final physics observation concerns the influence of
dial modes~kxÞ0 and ky50 in our two-dimensional sys
tem!. When these modes were included in the simulatio
they were driven to finite amplitude by the nonlinear acti
of the linearly unstable modes@9,29,30#. The radial modes
produced a shearedE3B flow that sheared apart the turbu
lent eddies of the drift instabilities and reduced the transp
This has been well documented by theoretical argume
@30,31# and in simulations@12,29,32#, and identified as an
important factor in tokamak experiments@33#. In previous
electrostatic simulations@5,29#, the inclusion of radial modes
led to steady states with large shear flows and reduced le
of turbulence and concomitant ion thermal transport in co
parison to simulations with the radial modes suppressed.
observed that the same was true here in finite-b simulations
in sheared and unsheared magnetic fields.

IV. CONCLUSIONS

In this paper we extended previous work that combin
the implicit moment method with a partial linearization
the Vlasov-Poisson equations to incorporate the electrom
netic effects of coupling to shear Alfve´n waves. We special
ized to gyrokinetic ions and drift-kinetic, subcycled ele
trons, motivated by the time scales of interest in simulat
core transport in tokamaks. We introduced an alternat
more compact implicit formulation using the direct implic
algorithm. In addition, we used an electromagnetic formu
tion in which the parallel electron current was comput
from the parallel canonical momentum. Analysis and test
of the basic dispersion properties of the implicit algorithm
confirmed successful implementations. We performed sim
is
f
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t.
ts

els
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e

d

g-

g
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-

g

u-

lations of drift-type microinstabilities in a two-dimension
sheared slab configuration that illustrated both the usefuln
of these algorithms and some of the physics of finiteb and
kinetic electrons.

The use of implicitness and partial linearization are effe
tive in reducing thermal noise, which in turn allows the u
of fewer particles to achieve acceptable results. Implicitn
also makes the stability of the algorithms more robust. Ho
ever, important accuracy constraints remain:vDt,1,
kivDt,1, k'vE3BDt,1, k'Dx',1, kiDxi,1, vpeDx/c
,1, and rs /Dx>1. With magnetic shear, there are add
tional restrictions on spatial and statistical resolution due
the nonadiabatic electron layer surrounding the mode ra
nal surface. We note that in an analogous finite-b gyrofluid
algorithm, there would have to be many grid cells within t
electron layer, while in the particle code there must be ma
cells per rs ~a less severe constraint!, and there must be
adequate statistics to resolve the electron distribution and
response within the layer.

We are pleased with the efficiency of these algorithm
For ITG simulations in an unsheared magnetic field~results
shown in Figs. 6 and 7, and in Ref.@5#!, electrostatic simu-
lations with adiabatic electrons required;8 ms/Dt i per par-
ticle ion on the Cray C-90. Implicit moment electrostat
simulations with kinetic electrons,mi /me51836, equal
numbers of ions and electrons, andDt i /Dte55 required
;20ms/Dt i per ion, while implicit moment electromagneti
simulations required;30ms/Dt i per ion and direct implicit
electromagnetic simulations were slightly faster
;26ms/Dt i per ion. The timings quoted here depend on t
specific balance between particle pushing and field solv
and on the match of the computations to the natural lengt
the vector processors. For the ITG simulations reported h
the largestDt i ~with Dt i /Dte55! that we used with drift-
kinetic electrons included was one-half that of theDt i used
with adiabatic electrons based on accuracy and converg
considerations. Thus the timings are dependent on the a
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cation and the parameters. That the inclusion of drift-kine
electrons with realistic mass ratio increased the comp
tional costs by less than a factor of 8 in these examp
rather than by a factor like (mi /me)

1/2, is very encouraging
A technique successfully used by W. W. Lee and co-work
to achieve additional economy in modeling electrons is
use a particle model only for the potentially resonant el
trons and to represent the remaining, nonresonant elect
as an adiabatic fluid. This is especially attractive for higheb
values in fusion-relevant plasmas becauseve

2/vA
2

5bmi /me , and the bulk of the electrons becomes incre
ingly adiabatic forbmi /me.1.
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